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Y. Komatu proved several interesting results for a certain one-parameter additive 
family of operators defined on analytic functions regular in the unit disk, and 
presented two conjectures for univalent functions in the unit disk. It is the purpose 
of this paper to prove a number of results relevant to Komatu’s conjectures for cer- 
tain classes of univalent functions with negative coeficients in the unit disk. 
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1. INTRODUCTION 
Let Y, 9’*, and X denote the classes of functions of the form 
f(z)=z+ f a,z”, zE9= {z: IZI < l}, 
n=2 
analytic and univalent in the unit disk %, analytic and starlike with respect 
to the origin in the unit disk %!‘, and analytic and convex in the unit disk %, 
respectively. Then it is well known that 
(i) IanI Qn for all n32 iffEY*, 
(ii) IanI < 1 for all n > 2 iffe X. 
Let 9 denote the class of functions f(z) defined by (1) which are regular 
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in the unit disk 4, and let (T = a(t) be a probability measure supported by 
the closed interval [0, 11. Further, let 9 denote the linear integral trans- 
formation 
Tf(z) = 1’ t-lf(zt) do(t). (2) 
Evidently, f(z)~F implies that P’~(z)E~. Therefore, we can apply the 
operator 9’ successively for obtaining 
Lrf(z) = YTP - y-(z) (F&N-=(1,2,3,...}) (3) 
with Y’f(z) =f(z). 
Komatu [4] interpolated the sequence {Y} into a family { 9”) 
depending on a continuous parameter il B 0 such that the additive property 
is satisfied. He also derived the series expansion of ?f(z), with f(z) E 5, 
in the form 
Pf(z)=z+ f $zn 
n=2 
(5) 
in case a(t) = t, and presented the following conjectures: 
CONJECTURE 1. If f(z) is in the class Y, then ?f(z) E Y at least for 
12 1. 
CONJECTURE 2. If f(z) is in the class X (or, more generally, f(z) E Y*), 
then YAf (z) E X at least for A.2 1. 
In this connection, we recall the following results of Silverman [ 11, 
p. 110, Theorem 1 et seq.]: 
(iii) f E Y* if C,“=, nla,l < 1, 
(iv) fEX ifC,“=,n21a,l<1. 
We also note that the inequality in (iii) is a sufficient condition for 
f E Y* c 9’. A necessary condition of the type (i) for f E Y is indeed 
provided by the celebrated Bieberbach conjecture that 
(v) IanI <n for all n>2 iff EY, 
which has just recently been proved by Louis de Branges.’ A shorter ver- 
1 See L. de Branges, A proof of the Bieberbach conjecture, Acfa Math. 154 (1985), 137-152. 
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sion of de Branges’ proof is presented by FitzGerald and Pommerenke 
([S]; see also [2]). 
Thus one cannot show that Conjectures 1 and 2 are true as a con- 
sequence of the Bieberbach conjecture (v), f~ Y*, and f E X. It is our 
belief, however, that Komatu’s conjectures are true, and we investigate his 
conjectures in the context of two new (and general) classes Y-,*(k) and 
V:(k) of analytic univalent functions defined in terms of certain operators 
of fractional calculus. In particular, our results (Theorems 1, 4, and 5) 
provide for these new function classes significantly improved versions of 
several earlier observations made for other classes by, for example, 
Komatu [4]. 
2. DEFINITIONS AND PRELIMINARIES 
Many essentially equivalent definitions of fractional calculus (i.e., the 
fractional integrals and the fractional derivatives) have been given in the 
literature (cf., e.g., [ 1, Chap. 13; 5; 6; 9; 10; 12, p. 28 et seq.]). We find it 
convenient to recall here the following definitions which were used recently 
by Owa [7] (and by Srivastava and Owa [ 131). 
DEFINITION 1. The fractional integral off(z) of order a is defined by 
(6) 
where a > 0, f(z) is an analytic function in a simply-connected region of the 
z-plane containing the origin, and the multiplicity of (z - c)‘-’ is removed 
by requiring ln(z - c) to be real when z - c > 0. 
DEFINITION 2. The fractional derivative off(z) of order a is defined by 
1 dz 
D,*f(z)=-- 
I f(l-a)dz 0 
(z-i)-“f(i) 4, 
where 0 < a < 1, f(z) is an analytic function in a simply-connected region of 
the z-plane containing the origin, and the multiplicity of (z- [)-* is 
removed as in Definition 1 above. 
DEFINITION 3. Under the hypotheses of Definition 2, the fractional 
derivative of f(z) of order n + a is defined by 
where O<a< 1, and ~EJVU (0). 
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Let T-,*(k) denote the class of functions 
f(z)=z- f a,z” (a,aO;zE@) (9) 
n=2 
which are analytic and univalent in the unit disk $2 and satisfy the con- 
dition 
Re m - a) z”ef(z) > k 
( f(z) ) 
(ZEW (10) 
for 0 < a < 1 and 0 d k < 1. Further, let %$(k) denote the class of analytic 
and univalent functions f(z) defined by (9) such that 
r(2 - a) z”D; f(z) E Y--,*(k). 
The following lemmas involving these classes of analytic and univalent 
functions can easily be proven by using the same techniques as in [ 81: 
LEMMA 1. The function f(z) defined by (9) is in the class F-,*(k) if and 
only if 
LEMMA 2. If the function f(z) defined by (9) is in the class F-,*(k), then 
a, 6 
(l-k)T(n+l-a) 
f(n+ l)Q2-a)-kI’(n+ 1 -a) (12) 
for integers n 3 2. 










LEMMA 4. Zf the function f(z) defined by (9) is in the class gm(k), then 
(1 -k){T(n+ 1 -a)}2 
a”‘~(n+1)~(2-a){T(n+1)~(2-a)-kI’(n+1-cc)} 
(14) 
for integers n > 2. 
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In our investigation of Komatu’s conjectures for the classes F-,*(k) and 
%?Jk), we will also require 
LEMMA 5. Let c(x) be the Riemann zeta function defined by 




ProojI The Riemann zeta function i(x) is a decreasing function of x for 
x > 1. Moreover, in case x > 2, we have 
i(x)-165(2)-1=%7c2-111. 
3. MAIN RESULTS 
THEOREM 1. Let thefunctionf(z) defined by (9) be in the class Y:(k). 
Then 64*f(z) belongs to the same class F,*(k) at least for 3,> &, where 1, is 
a fixed number less than 2. 
Proof. Since f(z) E F-,*(k), by using Lemma 2, we have 
(  
r(n+ l)W-~)-k a,~ 1 -k 
r(n + 1 -IX) > 
(15) 
for O<cc< 1, O<k< 1, and n>2. It follows that 




5-l- 1 by Lemma 5, 
<l-k, (16) 
for any real A> 2. Hence 9’f(z) E Y,*(k), using (5) and Lemma 1, and the 
proof of Theorem 1 is completed. 
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THEOREM 2. Let the function f(z) defined by (9) be in the class F-,*(k). 
Then 55’“f(z) belongs to the class W=(k) at least for 3, > lo, where I,, is afixed 
number less than 3. 
ProoJ: By virtue of Lemma 2, we get 
a r(n+l)r(2-a) c n=2 r(n+ 1 -u) ( 
IJn+1)I(2-51)-k 2 
r(n + 1 -IX) ) n’ 
<(l-k) f --& 
n=2 
=(l -k){[(l- l)- l} 
l-k 
-5-L 1 by Lemma 5, 
61-k, (17) 
for any real 3,a 3. Hence (by Lemma 3) we have Theorem 2. 
THEOREM 3. Let the function f(z) defined by (9) be in the class F-,*(k). 
Then Y’f(z) belongs to the class F-,*(O) at least for I > &, where A,, is a 
fixed number less than 2. 
Proof. Since f(z) is in the class F:(k), using Lemma 2 we observe that 




by Lemma 5,Aa 2. Hence YAj( z) E F:(O), using Lemma 1 with k = 0, and 
the proof of Theorem 3 is completed. 
THEOREM 4. Let the function f(z) defined by (9) be in the class %?Jk). 
Then pAf(z) belongs to the class F-,*(k) at least for A b il,, where A,, is a 
fixed number less than ln(4 - u)jln 2. 
Proof. Since f (z) E ‘$&k&(k), by using Lemma 4 we get 
r(n+1)r(2-u)-k 
r(n+l-cr) 
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for n > 2. Consequently, we obtain 
m xc r(n+l)r(2-a)-k 2 II=2 r(n + 1 -x) 1 n” 
<(l-k) I-;, .!,$ 
( ) 
=(1-k) l-i, {[(1)-l} 
( ) 
<(1-k)(l-$cr)/(2~P’-1) by Lemma 5, 
<l-k, (20) 
for A 2 ln(4 - a)/ln 2. Thus, by Lemma 1, the proof of Theorem 4 is com- 
pleted. 
THEOREM 5. Let the function f(z) defined by (9) be in the class ‘3$(k). 
Then Y’f(z) belongs to the same class VJk) at least for 12 A,, where A0 is a 
fixed number less than 2. 
The proof of Theorem 5 is much akin to that of Theorem 1 detailed 
already; indeed, instead of Lemma 2, it uses Lemma 4. 
THEOREM 6. Let the function f(z) defined by (9) be in the class V,,(k). 
Then T’f(z) belongs to the class F-,*(O) at least for A 2 ,I,,, where A0 is a 
fixed number less than 1 + (ln(4 - c1- 4k + 2clk) - ln(2 - 2k + ak)}/ln 2. 
Proof: Since f(z) is in the class g=(k), in view of Lemma 4, we readily 
have 
r(n+ l)r(2-cr) 
r(n+ 1 -IX) 
a <U-W-4 
” 2-2k+cik 
for n > 2. Accordingly, by using Lemma 5, we find that 
O” T(n+ l)r(2-~)a, c n=2 T(n+l-a) 2 






d 1, (22) 
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for A constrained as in Theorem 6. Thus, by virtue of Lemma 1, we have 
Y’f(.z) E F-,*(O), and Theorem 6 follows immediately. 
THEOREM 7. Let the function f(z) defined by (9) be in the class VW(k). 
Then Z’f(z) belongs to the class W,,(O) at least for A b A,, where 1, is afixed 
number less than 2. 
The proof of Theorem 7 uses Lemma 4 in precisely the same manner as 
the proof of Theorem 3 uses Lemma 2. The details may be omitted. 
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